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Extention of Riemann Stieltjes Integral Discontinuous Functions

Composition with Continuous Functions

Till now, we are playing with the functions which are smooth
enough or continuous in precise sense. What if we are given with
the functions which are not continuous? The next theorem answers
this question and relates us to a class of discontinuous function
which are integrable in the sense of Riemann Stieltjes.
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Extention of Riemann Stieltjes Integral Discontinuous Functions

Composition with Continuous Functions

Theorem

Suppose that f is bounded on [a, b], f has only finitely many points
of discontinuity in | = [a, b], and that the monotonically increasing

function « is continuous at each point of discontinuity of f. Then
f e R(a).
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Extention of Riemann Stieltjes Integral Discontinuous Functions
Composition with Continuous Functions

Let € > 0 be given. Suppose that f is bounded on [a, b] and
continuous on [a, b| — | where | = [ay, ap, ..., ap] is the nonempty
finite set of points of discontinuity of f in [a, b]. Suppose further
that « is monotonically increasing function on [a, b] that is
continuous at each element of |. Because | is finite and « is
continuous at each a; € /, we can find p pairwise disjoint intervals
[uj,vj], i =1,2,...,p, such that

Il vl cla, bl and D (a(v) — a(u))) < €.

J=1 J=1

Further place these intervals in such a way that each a; € /()(a, b)
lies in the interior os some [uj, vj]. O
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Extention of Riemann Stieltjes Integral Discontinuous Functions
Composition with Continuous Functions

Proof Continues.

Remove the segment (uj, vj) from [a, b]. Then the remaining set

K = [ab]- U(UJ,VJ
= [a UI]U[VlaUZ]U Jlvp, b1

is compact. Moreover f is uniformly continuous on K. Therefore,
corresponding to €* there is a § > 0 such that

|f(s) — s(t)| < € whenever |s — t| <, Vs, teK.
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Extention of Riemann Stieltjes Integral Discontinuous Functions
Composition with Continuous Functions

Proof Continues.

Now, form a partition P = {a = xp, x1, ...... Xn—1,Xn = b} of [a, b]
in such a way that the following properties holds;

upe P,Vvje{l1,2,...p,}

vie P, Vje{l,2,...p,}

(u,vi)P=¢,Vje{1,2,...p,} and

A xi1#u=>Ax<6,Vie{l,2,...n }andVjec{1,2,...p.}
L]
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Extention of Riemann Stieltjes Integral Discontinuous Functions
Composition with Continuous Functions

Proof Continues.

It is easy to follow under the conditions establised that x;_; = u;
implies x; = v;. Define M = supy|f(x)|, Mi = supxe[x;_, x| (X)]
and m; = infuepy , x]If(x)|- Then for each i,

0< M;—m; = |M;j—m;| < M|+ |mj| <M+ M =2M.
Further as long as x;_1 # uj, we have Ax; = [x; — x;_1| < 6,

= |f(x;)) — f(xi—1)| < €, i.e.|M; — mj| < €*.

Dr.A.Kaushik: Lecture-2 Real Analysis M.Sc.-1 (Mathematics) | Directorate of Distance Education, K.U. Kurukshetra



Extention of Riemann Stieltjes Integral Discontinuous Functions
Composition with Continuous Functions

Proof Continues.

Consider,

U(P,f,a) — L(P,f,a) = Z(M m;)Aq;

< ¢ [a( ) — a(a)] + 2Me*
< €

where €" < W. Because € > 0 was chosen arbitrary
f € R(«) follows from integrability criterion. O
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Extention of Riemann Stieltjes Integral Discontinuous Functions

Composition with Continuous Functions

It is important to note that in case f and o have common point of
discontinuity then it is not necessary that f is Riemann-Stieltjes
integrable.
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Extention of Riemann Stieltjes Integral Discontinuous Functions

Composition with Continuous Functions

The following theorem provides us the sufficient condition for the
composition of a function with a Riemann-Stieltjes integrable
function to be Riemann-Stieltjes integrable.

Theorem

Suppose f € R(«) on [a, b] such that m < f < M and ¢ a
continuous function defined on [m, M|. If
h={¢(f(x)) : x € [a, b]} then h € R(«) on [a, b].
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Extention of Riemann Stieltjes Integral Discontinuous Functions

Composition with Continuous Functions

The above theorem together in combination with fundamental
properties of Riemann-Stieltjes integrals, allows us to generate a
set of Riemann-Stieltjes integrable functions. This is the context of
next theorem.

Theorem

Let f be a bounded real valued function such that f € R(«) on
[a, b], then f2, |f| € R(c) on [a, b].
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Extention of Riemann Stieltjes Integral Discontinuous Functions

Composition with Continuous Functions

Take ¢1(t) = t? and ¢o(t) = |t|. Because both ¢1(t) and ¢o(t) is
continuous and f € R(«) on [a, b]. Theorem 2 asserts that
#1(f) = 2 € R(a) and ¢o(f) = |f| € R(c) on [a, b]. O
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Properties of Riemann Stieltjes Integral

This part offers a list of algebraic properties of Riemann-Stieltjes
integrals.

Theorem

Suppose that f, g € R(«) on [a, b] and k be any constant, then
f+ g € R(a) on [a, b] and

b b b
/ (f—i—g)da:/ fda—i—/ gda,
a a a

kf € R(«) on [a, b] and

b b
/ kfdo = k/ fdo.
a a
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Properties of Riemann Stieltjes Integral

Let f € R(«) and g € R(«) on [a, b], then fg € R(«) on [a, b].

Proof.

Suppose that f, g € R(«) on [a, b]. From the Algebraic Properties
of the Riemann-Stieltjes Integral, it follows that
(f+g),(f —g) € R(«) on [a, b]. Theorem 3 then gives that

(f + g)°,(f — g)? € R(a) on [a, b].

Therefore, constant times the difference

= 41(F + )~ (F — )] € R(a) on [, ].
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Properties of Riemann Stieltjes Integral

Lemma

Suppose that f is bounded on [a, b] and continuous at s € (a, b).
If a(x) = x(x — s), then

/a ’ ot = £(s).

m In addition, if f is continuous on [a, b] then it is possible to
extend above Lemma 6 to a sequence of points in that
interval. This is the context of our next result we prove.
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Properties of Riemann Stieltjes Integral

Theorem

Suppose < ¢, >7°; be a sequence of non-negative real numbers
such that Y, ¢, is convergent, a sequence < s, >°°; of distinct
point in (a, b) and f is continuous on [a, b]. If

a(x) = Y02 cax(x — sn), then

b o0
/ fda = Zc,,f(s,,).
& n=1
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Properties of Riemann Stieltjes Integral

From the definition of « it is clear that a(a) = 0 and
a(b) =372 cp, because a <'s, and b > s, for every n € N. Let
u,v € (a, b) be such that v < v and define

A={neN:a<s,<u}land B={neN:a<s,<v.}
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Properties of Riemann Stieltjes Integral

Proof Continues.

Then A C B since u < v and therefore
a(u) = ch < Z cn = a(v)
neA neB

from this it follows that « is monotonicaly increasing. Let € > 0 be
given and M = sup,c[a )| f(x)|. Because >, c, is convergent,
there exists a positive integer k such that

Y < % (1)
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Properties of Riemann Stieltjes Integral

Proof Continues.

Decompose « into two parts so that o = a3 + ap where

o] = Zﬁ:l cax(x —sp) and az = Y02 1 Cax(Xx — sp). It follows
from Lemma 6 that

b bk
/ fdon = / fd[z CnX(X - Sn)]7
a a n=1
b b
= Cl/ fd[x(x—sl)]—i—...—i-ck/ fd[x(x — sk)],

= af(si)+...+ ckf(sk),

k
= > caf(sn). (2)
n=1
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Properties of Riemann Stieltjes Integral

Proof Continues.

Now definition of « together with (1) yields

ax(b) —azx(a) = Y ax(b—s)— D cax(a—sn)
n=k-+1 n=k-+1
o
= Y &< hay
M
n=k+1

Consequently, it gives

b
’/ deéz’
a

A IA

T
)
N
A
=
|
9
=
L

9
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Properties of Riemann Stieltjes Integral

Proof Continues.

Now consider

k

b k b
|/a fda—;cnf(s,,ﬂ _ |/a fd(on +02) — 3 euf(sn)],

n=1

b b k
= |/ fda1+/ fdop —  _ caf(sn);
& &l n=1

b
= \/ fdasy|,
a
€.
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Properties of Riemann Stieltjes Integral

Proof Continues.

Taking limit as k — oo both the sides and using the fact that
modulus is continuous. This leads to

b k
| / fdo — lim—oo > _ caf(sn)| <€,
a n=1

b oo
ie., |/ fdo — Zc,,f(s,,)] <e.
a n=1

Since € > 0 was arbitrary fab fda =071 caf(sn). O
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